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CTATUCTUYECKH AHAJIN3 CMECEM PACIPEJEJEHUN
PETPECCUOHHBIX HABJIFOIEHUI

Ipeonacaemces noocmanogoutoe batiecogckoe pewaiowee nPasuio Kiaccupura-
yuu 6blOOPKU U3 CMeCU pacnpedeneHull peepecCuorHbiX Habmodenul. B ocnose pewaio-
wezo npasuia nexcum EM-ancopumm, npednasnavennviii 0na knaccugurayuu Habmooe-
HULL U BbIYUCTEHUS. OYEHOK NApamMempos cMecu ¢ NOMOWbI0 Memodd MAKCUMATbHO20
npasoonooodus. Jlokasvieaemcs cxooumMocmos npedrazaemozo areopumma, u ucciedyem-
€A 6EPOSIMHOCIb OUUOOUHOU KIACCUDUKAYUU HA MOOETbHBIX OAHHBIX

BBenenue

7151 BEpOSTHOCTHOT'O OMMCAHMS pealbHBIX HNPOLECCOB IIUPOKO HUCIOIB3YIOTCS PErpEeCCUOHHBIE
mogenu [1, 2]. OObIUHO IIEJIbI0 PErPECCHOHHOTO aHAIN3a SBJISACTCS OlCHUBAHUE (QYHKIIMH PErPEeCCHH
10 UMEIOIIIelics BRIOOpKE HaOmoaeHuil. B To jke BpeMs HallMune HEKOHTPOJIHMPYEMBIX M HEYYTCHHBIX
B PETPECCHOHHBIX MOJENSAX (PaKTOPOB MOXKET NMPUBECTH K MX CTPYKTYpHOW HEOJHOPOJHOCTH, O3HA-
Yaloled CyIEeCTBOBAHUE HE OJHOM, a HECKOJIBKMX MOJENIEH 3aBUCUMOCTEH M COOTBETCTBEHHO KIac-
coB HaOmroneHuid. Ecim kaxmoe HaOMIOAEHNE OTHOCUTCS C ONPENENIEHHON BEPOSTHOCTBIO K OJHOMY
13 33/IaHHBIX KJIACCOB, a HOMEp Kjlacca MpH PerrucTpaliy HaOMoIeHHH He GUKCUPYETCS, TO UCCIIEN0-
BaTeNb MMEET HEOTHOPOAHYIO W HEKJIacCH(HUIMPOBAHHYIO BBIOOPKY pPErpeCCHOHHBIX HaOIIOJEHUH.
3agauu OLEHUBaHUS MApaMETPOB MOJIENEH U KilacCu(PUKalui HaOIIOACHUN B TAKUX YCIIOBHSX TPHXO-
JUTCS pelaTh OJHOBPEMEHHO.

OOBIYHO TIPEIoNaraeTcs, YTO BEPOSTHOCTHONH MOJNENbI0 HAOMIOACHUH W3 OJHOTO KJIacca BhI-
CTyIaeT HeKOTOpOoe MHOTOMEpHOE pacrpezielieHne BeposiTHocTel. st kimaccudukanuu HaOIIoJeHu i
MIPH 3TOM HCIIOJIB3YIOTCS METOJIbI IUCKPUMUHAHTHOTO aHaJKM3a CMECel pacrpeelieHuil (B cllydae mna-
paMeTpUYecKoTo 3aJaHus MOJIeJIel HaOIII0IEH!H) U KIIAaCTePHOTo aHaIIM3a (B yCIOBHIX HEMapaMeTpH-
4ecKoil HeomnpeaeneHHocTn) [3—6].

Oco0eHHOCTBIO paccMaTpUBAEMON 3a7aduu SIBIISIETCS TO, YTO JJIsl ONMUCAHWUA HAONMIOACHHUN HC-
MOJIB3YETCS MOJIETh CTATUCTUYECKOM 3aBUCUMOCTH THIIa MHOTOMEpPHOM nmuHeiHo# perpeccun. C yde-
TOM MapaMETPUUECKOTO 3alaHusl MOJICIH ¥ HATMYHS HEKJIACCU(DUITMPOBAHHON BBIOOPKH HAOIFOACHUI
paccMaTpUBaeMylo 3a/adyy MOKHO OTHECTH K 3aJjauaM JUCKPUMHMHAHTHOIO aHajh3a CMecel pacrpe-
JIEJIEHUI perpecCHoHHBIX HaOmoneHuil. OT TpaguIMOHHBIX 33/1a4 IUCKPUMHHAHTHOTO aHAJIH3a CMe-
ceil pacrpeneneHnii OHa OTIUYAETCS HapYLICHHEM IPEINOI0XKEeHHUsI OTHOCUTEIHHO OJMHAKOBOU pac-
MIPEIEIIEHHOCTH HAOMIOACHUI U3 OJHOTO KJlacca, a TaK)Ke BO3MOXKHOCTHIO pa30neHus BeKTopa HaOIto-
JIEHUI Ha TTOABEKTOPHI SHAOTCHHBIX W 9K30TE€HHBIX IIEPEMEHHBIX. DH/IOTEHHBIE ITEPEeMEHHBIE XapaKTe-
PHU3YIOT CBOMCTBa caMHX OOBEKTOB HCCIEJAOBaHUS, a 3K30T€HHbIE NEPEMEHHbIE — KOHTPOJIUpPYEMBbIe
BO3JICHCTBUSA CO CTOPOHBI BHELIHETO OKPY>KEHUS. AKTyalbHOCTh aJTOPUTMOB aHAK3a MOJEIEH cTa-
TUCTUYECKUX 3aBUCUMOCTEN B YCIOBUSAX CTPYKTYPHOU MapaMeTpUUECKOH HEOOHOPOIHOCTH B MOCHE-
Hee BpeMs CBs3aHa C pa3pabOTKOW aBTOMATH3MPOBAHHBIX CHUCTEM PAaHKUPOBAHHUS OOBEKTOB B MpO-
CTPAHCTBE 3aBUCUMBIX MPU3HAKOB, KOTOPHIE UMEIOT MECTO B IKOHOMHUYECKHUX MpuiokeHusx. [Ipume-
POM TakuX CHCTEM MOTYT CIYXKHUTh CUCTEMBI KPEAUTHOTO CKOPHHTA Ui KiIacCU(UKAUU 3aeMIIUKOB
KOMMEpPYECKHUX OaHKOB I10 CTETIEHN HAJeKHOCTH [7], CHCTEMBI OIIEHKH yCTONYNBOCTH KOMMEPUECKHAX
6aHKOB [8] 1 paHHETO MpeayNpeKaAeHIS OAHKOBCKUX KPU3UCOB [9].

B pa6orte [10] ObuTH MpeasioxKeHbl U UCCIECAOBAHBI MOJCTAHOBOUHBIE 0aHECOBCKHIE PELIaoLIne
npasuia (IIBPII) kmaccudukammyn MHOTOMEPHBIX HE3aBHCHMBIX PErPECCHOHHBIX HAOIOICHHMA, WC-
NOJIB3YIONINE CTATUCTUYECKUE OLEHKH MapaMeTpOB IO KIacCH(PUUIUPOBAHHOW M HEKJIACCU(DUIMPO-
BaHHOHM BBIOOpKe. B cratbe [11] ¢ momoIipi0 MeToAa acUMITOTHYECKOTO pasznokenus pucka [1IBPIT
HaliIeHbl KOJMYECTBEHHBIE OIEHKH IMPHUPAIICHUsS PHUCKa (BEPOSITHOCTH OIIMOKM) KiaccH(UKAIWH,
00yCIIOBIIEHHBIC OTCYTCTBHEM KITaCCH(PHUKAITAN 00yJarOIIe BEIOOPKH.



1. MareMaTH4ueckasi MoJeJIL HAOJIOJAEHHUI H MOCTAHOBKA 32124 UCCJIeJ0BAHNA

Iycts -1 (¢ =1,...,T) HaOMOAaEMBIl OOBEKT OMUCHIBACTCS CIIydallHBIM BEKTOPOM HAOIIOICHUN
y, € R™*Y xoropwlit omyckaer pazoueHue Ha MOIBEKTOPHI:

X
N+M N M
y,=| " |eR" x,eR",z,eZcRY, €))
Zt
rae X, =(X,,...,X, ) — BEKTOp HJIOTCHHBIX HNEPEMCHHBIX (IIPU3HAKOB), XapPAKTEPH3YOIIUX COCTOS-
HHE aHAIM3HpyeMoro o0bekTa; Zz, =(Zz,,...,Z,,) — BEKTOP SK30ICHHBIX IIEPEMEHHBIX ((aKTOPOB)

OIMCHIBAIOIINX BHEIIHUE BO3JAEHCTBUSA HA COCTOSHINE OOBEKTOB.
HaGuronaemble 0OBEKTHI IMPUHAATIEKAT K OJHOMY U3 JIBYX KIaccoB o0bekToB Q) mimm €.

Homep kmacca omuchiBaeTcsl  HEHaONIOJaeMOW  JAMCKPETHOM  CIydailHOW  BETWYHHOM
d €S§5={0,1} (t=1,...,T) c pacnpeneneHHEeM BepOATHOCTEH

Pld, =a}=m,>0(0eS),n, +m =1, (2)

mapaMeTphI {nOt } (OL es ) COOTBETCTBYIOT allPHOPHBIM BEPOSATHOCTSIM KIIACCOB OOBEKTOB.

Mexay MOIBEKTOpaMU COCTaBHOTO BeKTOpa HaOmroneHuit (1) cymecTByeT craTucTHYeCKas 3a-
BUCHMOCTb, KOTOpas 1J1s Kiacca d,=o. (oL € S) ONUCHIBAETCS MOJEIIBI0 MHOIOMEPHOH JIMHEHHO per-

peccuu BHuIa

X, =Bz, +v,, ae€S={0,1}, 3)
e B, =(b,;) — (NxM)-marpuua xoddpduuuentos perpeccun (mpuuem (B, —B)z+#0
VzeZ, Z < RY - orpannuennas 3amMkHyTas 06macts); v, =(v,,...,v,) € R — HesaBucuMbIe B

COBOKYITHOCTH CIy4aiiHble BEKTOPbI (OIIMOKK HaONIONEHHS), paclpeesieHHbIE 10 HOPMaJIbHOMY 3a-
KOHY C HYJIEBBIM MaTE€MaTHYECKUM OKUAAHHWEM U HEBBIPOXKAEHHOW KOBapHalMOHHOM (N xN)-

marpuueit =(c,), . e. E{v,}=0, E{v,v.}=8_%, rae 5, — cumson Kpouexepa.

HcrunHble 3HaueHHs mapamerpoB {m,},{B, },X Mozemnu (2), (3) He uzBecTHbl. MMmeeTcs He-
knaccuuuupoBaHHas oOydvaromas BbIOOpKa 3HaueHWH mpusHakoB X ={X,,..,X,} oObema I u3
Ki1accoB €, U €, COOTBETCTBYIOIAs MOCIEN0BATENbHOCTH 3HaUeHN pakTopoB Z ={z,,...,Z; } , Tl
3HauYeHHe BeKTopa mpu3HakoB X, € R" ompenensercs Ha ocHOBaHUH (3) /IS 3alaHHOTO 3HAYEHHS
BekTopa daktopos z, €Z (t=1,...,T).

B pamkax paccMaTpuBaeMoil MOZeNIn BBIOOPKY PErpEeCCUOHHBIX HabmoaeHut X ={X,,...,X;},
COOTBETCTBYIOIIYIO IOCJIEA0BATEILHOCTH 3HAUeHUH (GakTopoB Z ={Z,...,Z,}, MOKHO paccMaTpu-
BaTh KaK CIIy4aliHyI0 BBEIOOPKY M3 CMECH paclpeielicHUH pPerpecCHOHHBIX HaOIOJIeHUH, TUIOTHOCTh

pacrpeacjacHnd BCpOHTHOCTCﬁ JJIA KOTOpOfI HUMECT BU

pn(x;z,ﬂ)=Tco(pN(x|Boz,Z)+nl(pN(x|Blz,Z), xeRY,zeZ, 4)

rie 0eO®cR” (m=2MN + N(N+1)/2 + 1) — cocTaBHOI BEKTOp MapaMeTpoB, 00pa30BaHHBIN M3
HE3aBUCHMBIX DJIEMEHTOB MaTpul {B,}, X U anpuOpHOH BeposTHOCTH T, (T, =1—-m,);

oy (x/B,2,2)=(2n) "7 5[ exp {—%(xl -B,z,) = (x, - B,z, )} - (5)

IIJIOTHOCTh pacHpeaACICHUA N—MepHOFO HOPMAJIbHOI'O 3aKOHAa € MATCMATUYCCKUM OXUAAHHUCM Baz n

HEBBIPOXKACHHON KOBAPUALIMOHHON MaTpULIeH X .
HNMeroT MecTo clienyionye 3agadd aHainuza cMecH (4) mo HekJacCH(QHUIUPOBAHHON 00y-

yaromen BHIOOpKe {X A } :



1) craTUCTHYECKOE OIICHHBAaHHE BEKTOpPa mapaMeTpoB 0 € ® — R™ (BbIUHCIIEHHE OLIEHOK MaK-
CUMaJIbHOTO TpaBaonoaoous (MII-oreHoK) {Tra } , {BOL } ,2);

2) xraccudukanuu o0yJaromie BHIOOPKH {X ,Z } , T. €. OIICHUBAaHWE BEKTOpa KJIacCH(DHUKAITIH
BeiGOpk d=(d,) e S".
3) knaccudukanys BHOBb NOCTyNAOIUX Habmonenuit (X, ,z. ), t=7+1,.,7+n, n>1.

[lpu pelieHNM yKa3aHHBIX 33134 CIEAYyeT YUMTHIBATh CICAYIOIINE OCOOCHHOCTH MOJCIU Ha-
OJIFOICHUH:;

— nabmosienust X, € R" Hajq 0OBEKTAMH U3 OJIHOTO M TOTO K€ KJIacca, COOTBETCTBYIOIIUE Pa3-
JAUYHBIM 3HaYeHUsM (aktopoB z, €Z (t=1,...,T), SBIAIOTCS HEOAHOPOAHBIMH IO CPEAHEMY 3HA-
YEHHIO, 3aBUCSILEMY OT Z, ;

— ecIi (PaKTOPHI SABISFOTCS YIPABISEMBIMH, TO CYLIECTBYET BO3MOKHOCTh MUHUMH3ALIUH BEPO-
ATHOCTH OIIMOKHM KiacCM(UKALMK 3a CYET ONTUMAJBbHOIO 3aJaHus 3HaueHHd (akTopoB z, € Z
t=1..T).

Jna pemenus 3agau 1, 2 npezsiaraercsi anroOpuTM pacileIUIeHNsT CMECH pacipe/iesieHuil perpec-
CHOHHBIX HabmoaeHui (4) w3 kinacca EM-airopuTMOB, MO3BOJISIONINNA OJAHOBPEMEHHO BBIYHCIATH

MII-omeHkn mapamMeTpoB {7 }, {B }, £ M OCYMIECTBIATh KIacCH(DUKALMIO 0Oydaromeil BHIGOPKH

{X,Z} . HpI/IBO,[[}lTCSI TAKXXC PE3YJIbTAaThl SKCIICPUMCHTAJIBHOTO HUCCICA0BAHNA BEPOATHOCTU OIITHOKHU

IIBPIT kmaccudukamum perpecCHOHHBIX HAOIIOACHUN, HCMOIb3yIomero HahneHasie MII-omenku

{na},{Ba},Z.
2. IlpeacraBJieHus AJisl OLIEHOK MAKCUMAJIBHOTO NPaBA0N000Hsi NAPAMETPOB CMeCH

[Tonyuum nipeactaBienus aiasa MII-olieHOK mapaMeTpoOB CMECH pacIipeieIieHUN perpecCHOHHBIX
HaOmoeHui (4), 3aBUCSIINE OT allOCTEPUOPHBIX BEPOSATHOCTEH p . (X,;Z,) OTHECEHUs PErPECCHOH-

Horo HaOmoaeHus (X,,z,) K knaccy Q :
Tcot(pN (Xl | Buzt > Z)
pT[ (X[ 7 Zz B e)

Doy = Do (X,,2,)= eR’,z,eZt=1,.,T, aes . (6)

4 t

OueBUIHO, YTO IS allOCTEPUOPHBIX BEPOSTHOCTEH (6) BBIMOIHSIOTCS CICTYIONINE YCIOBUS:

P20 Y p,=1,1=1..,T, aes. (7)

aeS

JInst BBIYMCIICHUST allOCTEPHOPHBIX BEPOSITHOCTEH (6) MO 3aJaHHBIM 3HAYEHHSIM IapaMeTpPOB
cmecu {r,},{B, },X cyderoMm (4), (5) cnpaBeanusa popmyna

exp(g;xl + ha)
Zexp(g(;x, + hu)

aeS

pa[(xf’zf)z 7Xf€s‘}{N7 (8)

1
g, =2"'Bz,, h, =EZ;B;Z"Bazt +In(n,), z, €Z, t=1,..,T,aeS.
Teopema 1. Eciu anocmepuopHvie 8eposmHocmu {pm} (t=1,...,T, OLGS) U38eCmHul, Mo

MIlI-oyenku {ﬁa } ,{Ea } ,X napamempos cmecu (4) no HekiaccupuyuposanHoil 8biGOPKe peepeccuot-

o N
Huix HaOmooenuil X =1{X,,...X;}, Z=1{2,,....2,} (X, €R",z, € Z) u3 xnaccos €, UCQ,, donycka-
1om npedcmasginenus



_ T T -1
ch = pa,lle; (Z poc,zzzzl,j s (9)
]
i=ifmw@—iu)@—iu), (10)

T =7 2P, (nlzl—fco). (1)

JoxazatenbcTBO. M3 HE3aBUCUMOCTH X, ..., X, HPH 3aIaHHBIX 3HAYCHUSX Z,,...,Z; ,  TAKKE
thopmyitel (4) cremyeT BeIpakeHUE A JorapupMuieckor (yHKIUHM MpaBIooa00us BEIOOPKU per-
o NT T
peccuoHHbIX HaOmoneHud X ={x,,....X,} e R, Z={z,....2,} €Z :

1,(0; X,7)= Zln(Zn oy (x,|B,z,, j (12)
t=1 aes
C yuaerowm (6), (7) mis norapudmudeckoit pyHkunu npasononodus (12) cripaBemmBo

1, (0; X,2) = ZZPQ,ZT‘,I (“ o (4| B2 ,,2)}

aeS t=1 pat

ZZ (m,)+ 2> P In(0y(x,|B,2,,2)) =D p,, In(p,,) - (13)

aes t=1 aes t=1

Hckomble mpeacTaBiaeHus Ul napaMeTpoB cMecu {m, },{B, },~ HaiileM U3 yCI0BUsI MAKCHMY-
Ma neneBoit pynkuuu (13). OueBuaHo, 3agaua Makcumusauuu Gyskuuu (13) mo {rn_}u {B, },X pac-
najaeTcs Ha JBe HE3aBUCHMBIE 3aJayll MaKCUMH3alUU HEMPEPHIBHBIX MO MapameTpaM (QYHKIHUHA: 3a-
Jlady MaKCMMH3alluy IEPBOTO CIaraeMoro no {m, } Buaa

Z me In(r, )= max, (14)
aeS t=1
¥ 3a7a4y MaKCHMHU3aluu BTOporo ciaraemoro B (13) mo {B,},X Bumna
Zme 1n((pN(x |Bu t,E)):max. (15)
aeS =1

Huddepennupys neneByro GpyHkuuro B 3anaue (14) mo m ¥ npupaBHUBas NIPOU3BOJHYIO K HYJIIO, Ha-
xonuMm npencrasienue (11). C yderom (5) u (7) 3agada MakcuMusauuu no {B,},~ wneneBod QyHkK-

uuu B (15) SKBUBaJIEHTHA 3aj1aue MakcuMusaiuu no {B, },2~" pynkiuu

1({B,},2" \z \— (Z_IZZT:pw (x,—Baz,)(x,—Baz,)'j. (16)

aeS t=1

HaxnanpiBas Ha MaTpu4HBIe IPOU3BOAHBIE QyHKIMK / ({Ba},Z’l) no {B,},~"' Hynessie or-

PaHMYEHHs, OTy4aeM CUCTEMY YpPaBHEHMH MPaBI0NoA001s OTHOCHTENbHO {B }, X7
o

ol({B },x"
% Dy Zzpat(x _BZ) =0y »

o aeS t=1



al({B,1.x") r
a2

T ~ ~
82_1 = 2_%Zzpat (Xt _Bazt)(xt _Bazt) :ONxN >

aeS t=1

U3 KOTOPBIX HaxoauM npencrasienus (9), (10) (3zecy O, ,, — Hynesas (NxM)-marpuna). B

3. AsiropuT™ pacinenieHusi CMecH pacrnpe/ieieHuii perpecCHOHHbIX HAGIK01eHHi

Jnsa pemenns 3amad 1, 2 AUCKpUMHUHAHTHOTO aHaiM3a cMecH (4) 1Mo HeKi1accHu(pUIMpOBaHHOM
BBIOOpKE HAOFOICHMIH {X ,Z } obbema 7' mpemaraeTcsi UCIONb30BaTh UTCPAIIMOHHBIA AITOPUTM T10-
CIIEZIOBATEIBHOTO YTOYHECHHUS OIICHOK BEKTOpa mapameTpoB 0 € ® — R™ cmecu (4), 06pa3oBaHHOTO U3
{n,}.{B,},%, u Bexropa knaccuduxauu d=(d,)eS" BbiGopku {X,Z}. JlaHHBIi aqropuT™M OTHO-

cutcs K kiaccy EM-aneopummos, MUPOKO MPUMEHSIEMBIX B 3a/ladaX CTAaTHCTUYECKOTO OIICHWBAHUS
mapamMeTpoB B YCIOBUSX anmpuOpHON HeompeneneHHoctu [3]. Kaxmas urepanus npeaiaraeMoro EM-
ITOPUTMA BKIIFOUYAET J[Ba TIOCIIEIOBATEILHO BBITTOIHIEMBIX JTara;

— oman E (Estimation): oueHUBaHKUE TP 3a/IaHHBIX HAYAJIbHBIX 3HAYCHHSIX IMApaMEeTPOB MojIeu 6

BEKTOPOB allOCTEPUOPHBIX BEPOSTHOCTEH KIIACCOB {pa = ( P, (X,,2, ))} (oueBuano p, =1, —p,, rae
1 — euuudHbIi T-BeKTOP), 3HAHHE KOTOPEIX NO3BOJSET OLEHHTb BEKTOP KIACCHUKALMU BEIGOPKH
d=(d)eS";

—oman M (Maximization): HaxX0KIeHHE OIICHOK TTapaMeTPOB CMecH 0 M3 yCIIOBHS MaKCUMyMa
sorapu(pMUYECKOr (PYHKIIMU MPaBAOIO 001 HA OCHOBAHUH IMOJIYYCHHBIX pPaHEE arlOCTESPUOPHBIX Be-

POSITHOCTEHN KJIacCOB {pa} .

Ecnu 3agarorcst HavanbHbIe 3HAYSHHsT BEKTOpa KIacCU(QHKALWU BEIOOPKU d, TO MEHSIETCS I0-
CJIEIOBATEIbHOCTD BBHIIOJIHEHU 3TanoB. PaboTa anropurMa mpoaoinKaeTcs 10 AOCTHKEHUS 3aaHHO-
IO YCJIOBHSI OCTAaHOBKH.

3.1. Onucanue ajaropurma

s 0003HaYeHUs HOMEpa UTEepaluu OyJeM HCIIOJIb30BaTh BEPXHUUM MHIIEKC k B CKOOKaxX MpuU
COOTBETCTBYIOIINX TMapaMeTpax W nepeMeHHbIX. OnuineM AeHCTBUS, KOTOPHIE BBIMOJHSAIOTCS HA Ha-
gaipbHOM mmare u k (k=1, 2, ...) IOCIeIyIONNX UTepaIisIX aJropuTMa.

llae (. 3apgarorcsi HayadbHbIE 3HAYCHUS OIIGHOK IapaMeTpoB {pa} , TaKWe, 4YTO
rr(x,52,,0)>0 (=1,..., 7).

Llae k. 1. TTo popmyne (8) ¢ UCTIOIB30BaHUEM OLIEHOK {n(ak*')}, {Bg“')},Z(k’” BBIUNCIIAIOTCS aIlo-
CTEpHOpHBIE BEPOSTHOCTH KIaccoB p. = ( pgf; (xt,zT)), o €S, U IPH HEOOXOIUMOCTH OCYILECTBIISI-
eTcst KJaccu(puKaus BBIOOPKH perpeccCHOHHBIX HaOIr0IeHuH X ={X,,....X;}
eR", Z=1z,,..,2,} €Z", 1. e. naxonurcs onenka Bekropa knaccupukamuu d* =(d")e S" no

tbopmye
d,(k) :argmax{pgf)(x[,zr)} nmooesS. (17)

[laz k.2. Tlo gpopmynam (9)—(11) BEMHCIAIOTCS OlEHKH napamMeTpos {m. !, {BL}, =)

Llae k.3. TlpoBepsieTcst yCIOBHE OCTAHOBKH alropuTMa. Ecii KOMIOHEHTHI COCTaBHOTO BEKTO-
pa mapaMeTpoB YJIOBIETBOPSIOT YCIOBHIO OJM30CTH 3HAYEHUH IMapamMeTpoB Ha COCEIHUX UTEpaIisiX:

He(k) _B(H)HS &, 0<g<1, 10 momaraercs, uro ®, =7y ", B, =B, ¥=3"", u pabora anro-

puUTMa Ipekpamaercs. B mpoTtuBHOM citydae momnaraercs k:= k+1 M ocymecTBISETCS MEPEXO K Iary
k.1 Ha HOBOI1 UTEpaLUN.



3.2. Jloka3aTeIbCTBO CXOANMOCTH AJTOPHTMA

Cy1iecTByeT 3HaUUTEIILHOE YUCIIO MyOJIMKALUH, ITOCBAIICHHOE UCCIICIOBAHUIO CXOJAUMOCTH ajl-
TOPUTMOB pacIeTUIeHHUs] CMecel pacIpe/ieieHni BepOosSTHOCTEH, OCHOBaHHBIX Ha EM-tiporienype (cM.,
Harmpumep, 0030psl [3, 13]). g qokazarenbCTBa CXOMUMOCTH IIPEIIaraéMoro alfOpuTMa paciierie-
HUSI CMECH PACIIPEICIICHUI PErpeCCUOHHBIX HAOJIOCHHUI BOCIIONB3YEMCS TPAIUIIMOHHON CXeMOH 10~
Ka3aTeNbCTBa, MPUMEHSEMOH B Cllydae cMecel pacipe/eieHuit BeposTHOCTeMH [3].

Hycrs 0%, p'“u [V~ 3nayenns BekTOpa MapamMeTpoB, BEKTOPA ArOCTEPHOPHBIX BEPOSATHO-
cTteit m yorapudmmudeckorl QYHKIIUH IMPaBIOTOA00HUS IO BEIOOPKE PErpeCCHOHHBIX HAOIIOICHMI
X={X,...X;} € RV, Z= {z,,...2,} € Z" , Ha k-oii uTepaluy OMUCAHHOTO BBIIIE AITOPUTMA paclile-
IIeHus cMecH (4).

Teopema 2. [locredosamenvHocms 3HAYeHUL Z,(Vk), coomeemcmayowux umepayusim k = 1, 2,

. aneopumma pacujenyienus cmecu (4), He yovieaem, m. e. CHpageoIU8o

lz(vk) _l;vk—l) >0, k=1,2,..., (1%

; - k k-1
npuuem pasencmeo 6 (18) umeem mecmo mozoa u moivko mozoa, ko2oa 0 =% y pg ) = pf) )

HdokazatenscTBo. [Ipumenss npeacrasnenue (13) mig 3HayeHu#t norapudmudeckond QyHK-
LM OPaBAONOA00HS Ha UTEpalUsIX AITOPUTMA, HOTyqaeM:

(k) B(k)zt , Z(k)) p((xkt )

(x,| By,
1 b TZTC(k)h’l (Zn +zzp(k) Py r| J zzp(k) . (19)

(k=1) (k=1)
aeS aeS t=1 (PN (Xt | Ba Z; ’ b ) aeS t=I ot

Tak kak 3HaYEHUs MAPaMETPOB {B;k) } , 2 Ha k-it utepanmu, cornacuo (15), MAKCHMH3HPYIOT

BbIpaKeHHE

ZZW In(@y(x,|B,z,,%))

aeS t=1

10 BO3MOXKHBIM 3HAa4€HMAM MapaMeTpoB {B, },X, To nociendee ciaraemoe B (19) HeoTpumartenbHo.

CnenoBareiibHO
(k=1)

k
P
(k) (k=1) 2 (k) Ty (A) ot
Z Z >T T, In Tl) + E Ep ® . (20)

aeS aeS t=1 ot

M3sectHo [13], uto Takme mocmemosatensHoctd {a,}, {b} (/=1,..,L), qTOZa, :Zb, =1,

YAOBJICTBOPAIOT HEPABCHCTBY
L

L

a _1 2

> an—Lt>=%"(a,—-b) 20. 1)
=1 b] 4l:1

[MosToMy cnaraemble B TipaBoil wactu (20) HeoTpuuarenbhbl, a 3Haumt [W —[" >0, npuuem

_ - k k-1
1% — 19D —0 tompko B ToM cityuae, ecmi 0% =04 i pl =pi) m

[ToxaxkeM, 9TO ONMHUCAHHBIA aNTOPUTM obecieunBaeT HaxoxaeHue MII-OleHOK HEM3BECTHBIX
napameTpoB (mon MII-oneHkoi moHuMaeTcs 1000e peleHne CUCTEMBl YpaBHEHHH TpaBAonoaoous,
T. €. JTIF000 TOKABHBI MAaKCUMYM JIOTapu(MUIeCKON (PYHKIIMA TIPABIOTIOAO00MS).

CaenctBue 1. B ycrosusx meopemvl 2 cnpagediugvl ymeeprcOeHus:

1) nocrnedosamenvrnocmo {l;,k)}npu k—>00 cxodumcs k 00HOMY U3 JOKANLHLIX MAKCUMYMO8
@yuxyuu npasoonododbusl, (0; X,Z) euda (12);
2) coomsemcmayowas nociedo8amenrbHoCHb {G(k)}npu k—0 cxooumcs k mouxe, docmas-

JAsouel SMom JIOKAIbHOIL MAKCUMYM.
HoxazatenbcTBO. Ilo onpenenennro cmecu (4) |2| # 0 u, cnenoBaTeNbHO, QYHKIIHS MTPABIO-



nonobust (12) orpanmueHa. Ilockonmpky mOCIEMOBAaTEIHLHOCTH {l](\f)} (k:O,l,Z,...) He yOBIBaeT, TO

CIpaBeUIMBO TiepBoe yTBepxaeHue. B cumy (20) u HepaBeHcTBa (21) nMeeM COOTHOIIEHHE

2

1
(k) (k=1) (k) (k D] (k=1) (k)
lN _lN ZZZ(RQ ) ZZ(pat put) .
aeS aeS t=1

Tak kak JneBas 4YacThb B IIOCICIHEM BBIPAKECHHHM CTPEMHUTCS K HYJIIO TNPH k—>0, TO
) a0, p) - p* -0 mpu k>0 (1=1,..,T, . €S), 410 BIEYET CIPABELIHBOCTb BTO-
poro yTBepkacHus. W

[ToBTOpSIS BBIYMCIICHNS TP PA3INYHBIX 3HAUYCHUSAX MTAPAMETPOB, MOXKHO HAWTH BCE JIOKAJIBHBIC
(a Taroke 17100aIbHBIN) MAKCUMYMBI ()YHKLWH [IPaBAOIO00MS.

4. UccaenoBanne TOYHOCTH KilaccH(puKanum perpecCHOHHbIX Ha0J/I101eHUii

[Iycre {n,}, {B,}, Z, { P (x[,z,)}— HallleHHbIE B pe3yJibTaTre paboThl OMMCAHHOTO BBILIE ajl-
roputMa MII-01leHKH COOTBETCTBYIOIIMX MapamMeTpoB IO HeKJIacCH(HUIMPOBAHHOHN BBEIOOpKE perpec-
CHOHHBIX Habmonenuit X =1{x,,...x,} eR", Z={z ,..,z,} € Z". Jlna xnaccudpukanyuyu HOBBIX Ha-
omonenuit (x,,z, ) (t=7+1L,..,T +n, n>1), onuceIBaeMbIX MOJEIBIO (2), (3), MOKHO UCIOIB30BATh

JIBa CJIE€IYIOUINX SKBUBAICHTHBIX B CMBICIIEC BEPOSITHOCTH OIIMOKH PELIAlOLINX MPaBUJIa.
1. [Ipasumno Buga (17) xnaccuukanuy Mo MaKCUMYMY arioCTEPHUOPHON BEPOSTHOCTH:

d, =argmax {ﬁw (x,, ZT)} moes ;

2. TIBPII, nonyuatomieecss U3 ONTUMAIBLHOTO B CMBICIIE MUHIMYMa BEPOSITHOCTH OIIMOKH Oaiie-
COBCKOT'O PELIAIOIIEro MpaBuia MOJCTAHOBKOM B HErO COCTOATENBHBIX OLIEHOK HEHW3BECTHBIX Mapa-
metpos [10]:

iy 0, 1, (x,,2,)<0; -
© (XT’ZT)_ 1, XT(XT,ZT)ZO, @2)

C IMHEWHOH! NWCKPUMHHAHTHON (DYHKITHEH

[ n 5\ oo | A\ (B ) 7Tc0
kt(xr,zT):z(Bl—Bo)Z XT——Z( + O)Z (Bl—BO)—lnT.
2 T,
Kax noxkasano B [10, 11], acumnToTH4eckue CBOWCTBA OLEHOK {T, }, {éa}, Y, a, clie/loBaTellb-

HO, ¥ BeInunHa omrOKy kiaccudukaruu [1BPII, ucmonp3yiomero 3TH OEeHKH, IPH YBEIHIESHHN 005-
emMa oOyuaromiell BBIOOpKH 7' CyIIECTBEHHO 3aBUCAT OT 3HaueHHUH (aKkTOpoB (TUIaHa PErpecCHOHHBIX
9KCTIEPUMEHTOB) Z ={Z,,...,Z; } . TaM e ¢ MOMOIIBI0 METOJja ACHMITOTUIECKOTO PA3JIOKEHUS PUCKa
IIBPII (22) HaiineHp! KOJMYECTBCHHBIC OICHKU MPHUPAIIECHUS PUCKA (BEPOSITHOCTH OIMIMOKH) KJIaCCH-
(ukanuu, 00yCIIOBJICHHBIC OTCYTCTBUEM KilacCH(UKaIKu oOyuaroniei Beioopku. [lokazaHno, 4to yBe-
JMYeHNE OUIMOKM KIacCU(HUKALUU TeM OOoJbllle, 4YeM CHIIbHEe MepecedeHre KiIaccoB (MEHBLIE MEX-

’
KIIaCCOBOE pacCTosiHie A =1z (Bl - BO) ! (Bl - B, ) Z_) U 4eM MeHblle 00beM BBIOOPKH 7.

B Ta6HI/IHe MMPUBEACHBI PE3YJIbTAThI YUCIICHHBIX 3KCIICPUMEHTOB, WIIOCTPUPYIOIINUE TOYHOCTH
KJIACCU(UKAIIMKM C MOMOIIBI0 PEIIaonero npasuia (22), UCMOIL3YIOMIETO OICHKH MMapaMeTpPOB 110
HEKJTaCCU(PUITUPOBAHHON BBIOOPKE JIJIS CIETYIONIHX TECTOBBIX MPUMEPOB.

Tecmoegwtit npumep 1. T = 50, n = 50, N = 1, M = 2, UCTHHHBIC 3HAYCHHS IapaMETPOB:

m,=0,5, ©,,=0,09, B,=(1, 1), B, =(-1, 1); HauanbHble 3HaueHus napameTpoB: =, =0,3,
o =1, B” =(0,5; 0,5), B” =(0,3; 0,5).

Tecmosvuit npumep 2. T = 50, n = 50, N = 1, M = 3; UCTHHHbIE 3HAYECHHUS NAPAMETPOB:

n,=0,5 o,,=0,09, B,=(, 1, 1), B, =(=1, 1, 1); HauanbHble 3HaueHus napametpos: <, =0,3,



ol =1, B{” =(0,5; 0,5, ~0,8), B” =(0,3; 0,5; 0.8).
Tecmoegwtit npumep 3. T = 50, n = 50, N = 2, M = 2; UCTUHHBIC 3HAYCHUS MApaMETPOB:
n, =0,5,
11 -1 1 0,09 0

BOI ’B(): ’2: ;
11 1 1 0 0,09

HavaNbHbIC 3HAYECHHS MapaMeTpos: 7, = 0,3,

0,5 0,7 0,25 0

o (04 05) _ |
0 0,64

0 0,8 0,4) -0,3 0,5

2

3HaueHus! KOMIOHEHT Bektopa z, € Z < RY (M =1, 2, 3) MOZEIIMPOBAIUCH [10 PABHOMEPHOMY
3aKOHY Ha mHTepBaie [—1, 1].

PesynbTarhl aHamM3a TOYHOCTH KIacCUPHUKAIINN

TecToBbIe TPUMEPHI

OIeHKH BEpOSTHOCTH OMIHOKH

1 2 3
ToueuHnas oleHKa Jyisi 00y4aroniel BeIOOpKH 0,000 0,083 0,000
Toueunas oleHKa JJisi KOHTPOJIHHON BRIOOPKHU 0,125 0,178 0,142

WurepBanbpHast 95%-Has oieHKa
BEPOSITHOCTH OIIHOKH

[0,059-0,218] | [0,102-0,289] | [0,077-0,253]

3akaouenne

[enecoobpa3HOCTh TPUMEHEHHS TPEIaracMoro alropuTMa 00ycaoBIeHa CIeTyOIUMH MPOo-
OJjleMaMu aHajln3a JAaHHBIX:

1. Bo MHOTHX c(hepax 4enoBEYECKON JEATEIbHOCTH BO3HUKAIOT 3a7auu 00pa0OTKU OOJIBIINX
MacCHBOB MHOTOMEPHBIX JaHHbIX. [IpH 3TOM YacTo aHaIM3HpyeMbIe B POIIECCEe HAOMIOACHUS 3a 00b-
eKTaM{ TIPU3HAKH SBISIOTCS B3aWMHO 3aBHCHMBIMH, a CaMU OOBEKTHI MPUHAIUICKAT K Pa3ITHYHBIM
KJj1accaM (pas3auyaroTcsl pa3MepoM, THIIOM, YCIOBHSIMU (YHKIIMOHHUPOBAHMS U T. 1.). B 3TuX cirydasx
JIAHHBIC B MPOCTPAHCTBE MPU3HAKOB HMEIOT CIIOKHYIO HEOJHOPOIHYIO (KIaCTepHYIO) CTPYKTYpy. s
0oOHapyKEeHHUsI TAKHX OCOOCHHOCTEH JaHHBIX Ha 3TaIe WX MPEBAPUTEIHHOTO CTATUCTHYECKOTO aHANIH-
3a 4acTO MPUMEHSIOTCS Pa3JIMYHbIC arOPUTMBI U3 Kiacca data mining (0oOwviuu dannwix) [14]. Onu-
CaHHBIH BBIIIE AITOPUTM MOXKET UCTIOIh30BAThCS B YKa3aHHBIX CIy4asX KaK OJMH M3 TOJ00HBIX aJlro-
PHUTMOB € IIEJIBIO IPOBEPKHU Cpa3y ABYX MPEITON0KEHHUA: 0 HATMYUN KITACTEPHON CTPYKTYPHI JaHHBIX
U CTATHCTHYECKON 3aBUCUMOCTH HUCIIOJIb3YEMBIX TIPU3HAKOB.

2. I1pu uCroNIb30BaHUM METOJ/IOB AUCKPUMUHAHTHOTO aHAJIM3a MHOTOMEPHBIX JaHHBIX B CJ1a00
(hopManu30BaHHBIX O0JIACTSIX MOXET BO3HHKATh Tpobiiema (GOpMUPOBAHWUHU KiacCU(DUIIMPOBAHHON
obydJaroreil BEIOOPKH HAOIIOACHUH B CHUIy HECTPOTOTO OITHMCAHHUS KJIAaCCOB OOBEKTOB. B mOmMOOHBIX
ClIydasx Ha dtare GopMuUpoBaHUs 00ydaroleil BEIOOPKH HAOIIOACHUH YacTO MPUMEHSIOTCS 3KCIIEPT-
HBIC OIICHKH TP OTHECCHUM HAOJIOJCHUIN K pa3jMyHbIM KJIACCaM HAa OCHOBE aBTOHOMHOTO aHaJM3a
npu3HaKoB. [Ipy 5TOM He YUHUTBIBAETCS CYIIECTBYIOIIAS MEXIY MPU3HAKAMH CTATHCTHYECKAs 3aBUCH-
MOCTh. [Ipeayiaraemplii aJIrOPUTM MO3BOJISET MOJYYUTh MPEIBAPUTEIBLHOE pa30MEHUE HEOTHOPOIHBIX
JTAaHHBIX B IPOCTPAHCTBE CTATUCTUYCCKU 3aBUCUMBIX ITPU3HAKOB.

C obeumu mpoOIeMaMH MPUXOTUTCS CTATKUBATHCS, B YACTHOCTH, MPH Pa3pabdOTKe alropUT-
MOB KPEJUTHOTO CKOPHHTA, MPeJHA3HAYCHHbBIX JIJISI KJIaCCU(PHUKAINY 3aEMIIUKOB KOMMEPUYECKHX OaH-
KOB TI0 CTETICHU UX IUIaTeKeCIIoCOOHOCTH [7].

[TpuMeHeHue MpeIoKEHHOTO ArOPUTMAa PACIICIUICHHUSI CMECEH MHOTOMEPHBIX PErpecCHOH-
HBIX HAOIIIOJICHUI TIPUBOJUT K YCTAHOBJICHHIO CTATHCTUYECKUX 3aBHCUMOCTEH, aJIeKBaTHOCTh KOTO-
PBIX MOXKET OBITh MCCJIEJOBaHA C MOMOINBIO CTaHAAPTHOIO HA0Opa TECTOB, MPUMEHSIEMBIX UISI IPO-
BEPKU aJICKBATHOCTH PETPECCUOHHBIX MOJIEICH, BKITIOYAsl aHAIN3 CTATHCTUIECKON 3HAYUMOCTH KOA (-
(DUIMEHTOB perpeccuu, aHallu3 OCTaTKOB U T. 1. [ 1, 2]. [IpuMepbl HCHIONB30BaHKSs YKA3aHHBIX TECTOB B
3aa4ax JUCKPUMHHAHTHOTO aHAJIM3a MHOIOMEPHBIX PErPeCCHOHHBIX HAOI0ACHUN onrcaHbl B [15].



Crnucok JuTepaTypbl

1. AtiazsH, C.A. [Ipuknannas cratuctuka. Mccnenosanue 3aBucumocteii / C.A. AiiBaszsu, U.C.
Entoxkos, JI.JI. Memankud. — M.: ®uHaHCH 1 cTaTucTuka, 1985. — 487 c.

2. Xapwun, FO.C. Dxonomerpudeckoe momenuposanue / 10.C. Xapun, B.M. Mamorun, A.1O.
XapuH. — Munck : bBI'Y, 2003. — 313 c.

3. AiiraszsH, C.A. llpuknagnas cratuctuka. Kinaccudukaius u cHmwkenue pasmepraoctu / C.A.
AiiBazsH [u ap.]. — M.: ®unanckl u ctatuctuka, 1989. — 607 c.

4. McLachlan, G.J. Discriminant Analysis and Statistical Pattern Recognition. — New York:
Wiley, 1992. — 562 p.

5. Xapun, FHO.C. PobGacTHOCTh B CTaTHCTHYECKOM pacmo3HaBaHuu obpaszos / 10.C. Xapun —
MuHck : YHuBepcurerckoe, 1992. — 232 c.

6. Xyk, E.E. YcroitunBocTh B KiacTep-ananuze MHoromepHbix Habmoaenuit / E.E. Xyk, 10.C.
Xapun. — Mumnck : BI'Y, 1998. — 240 c.

7. I'punb, H.B. MccnenoBanue TOYHOCTH METOIOB KilacCH(HUKAIIMA MHOTOMEPHBIX JaHHBIX B 3a-
nadax kpeautHoro ckopunra / H.B. ['punb, B.M. Mantorun // Bectauk ['pI'Y. Cep. 2. — 2008. — Ne 1. —
C. 77-85.

8. Mamorun, B.W. Onenka ycTOHYINBOCTH KOMMEPUECKUX OAHKOB HAa OCHOBE IKOHOMETPHICCKHIX
MoOJIeNiel ¢ TUCKPETHBIMU 3aBUCHUMBIME TiepeMeHHbiMU / B.W. Mamrorun, E.B. [Tertnsk // bankoBckuit
Bectauk. — 2007. — Ne 4 (369). — C. 30-36.

9. Egorov, A.A. Analysis of the banking crises by the panel logit model with the application to
Belarusian banking system / A.A. Egorov, V. I. Malugin // Proc. of the 8" Intern. Conf. «Computer
Data Analysis and Modeling». Vol. 2. — Minsk : BSU, 2007. — P. 68-71.

10. Mamorur, B.M1. O6 onTuManbHOCTH KiIacCHMUKAIMK CIyYalHBIX HAOJIOJACHHUNA, Pa3iv-
yaromuxcs ypaaeHusimu perpeccun / B.JM. Mamorun, }0.C. Xapun // ABTOMaTrka u TelieMeXaHHKa.
—1986.—Ne 7. — C. 35-46.

11. Manrorun, B.M. Kiacrep-ananus perpeccuoHHbx HaOmonenuit / B.M. Mamorun // Cratu-
cTHYecKas 00paboTKa SKCIEPUMEHTAIBLHBIX JaHHBIX : MEXBY3. c0. Hayd. Tp. — HoBocuOupck: HoBo-
cuOupckuit 211.-TexH. uH-T. — 1986. — C. 43-52.

12. Redner, L. Mixture densities, maximum likelihood and the EM algorithm / L. Redner, J.
Walker // SIAM Review. — 1984. — Vol. 26, Ne 2. — P. 23-31.

13. Kynsbak , C. Teopust uadopmanmu u craructuka / C. Kynedak. — M.: Hayka, 1967. — 408 c.

14. Berry, M., J., A. Data mining techniques: for marketing, sales, and customer relationship
management / M. J.A. Berry, G. Linoff. — New York: Wiley, 2004. — 643 p.

15. Mamiorus, B.W. JIuCKpUMUHAHTHBIN aHAJIN3 MHOIOMEPHBIX aBTOKOPPEIUPOBAHHBIX pPErpec-
CHOHHBIX HAOJIOAECHHUH B YCIOBHUIX MapaMeTPHUECKON HEOAHOPOIHOCTH Moaenel // Mnpopmaruka. —
2008. — Ne 3. - C.17-28.

Hocrynuna

HUU npuxnaouvix npobiem mamemamuru u uHGopmMamuxu
benopyccroeo cocydapcmeennozo ynusepcumema,

Mumnck, np. Hezasucumocmu, 4,

e-mail: Malugin@Malugin



Statistical analysis of the mixtures of the regression observations distributions
V. 1. Malugin

The «plug-in» decision rule for classification of the sample from the mixture of the multivariate
regression observations distributions is suggested. The decision rule is based on the EM-algorithm de-
signed both for classification of observations and for estimation of mixture parameters on the basis of
the maximum likelihood estimation method. The convergence of the suggested algorithm is proved
and the classification error probability is examined on simulated data.



