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In the present paper, we prove a theorem on the existence of G-weak solutions of the stochastic
differential equation

dX(t) = f(t, X (t))dt + g(t, X (t))dW (), X € R, (1)

with Borel measurable functions f : Ry x R — R? and g : R, x R? — R here W (t) is the
d-dimensional Brownian motion. The existence theorem for weak solutions with Borel measurable
locally bounded functions f and ¢ = gg* whose components satisfy Condition A below was obtained
in [1]. In the present paper, we consider the case in which f and o do not satisfy this condition.
In this case, a weak solution of Eq. (1) is understood as a weak solution of some stochastic differential
inclusion and is called a B-weak solution of Eq. (1). It was shown in [2, 3] that

e equation (1) has [-weak solutions provided that f(¢,X) and g(¢,X) are Borel measurable
functions and have linear-order growth with respect to X as || X|| — oo;

e a -weak solution of Eq. (1) is a weak solution of the stochastic inclusion
dX(t) € F(t, X (t))dt + G(t, X (t))dW (1),

where F(t, X) and G(t, X) are the least convex closed sets containing all limit points of the functions
f(t,X') and g (t, X') as X’ — X on the set

{(t, X) | / (det gg™ (r, y))_1 dr dy = oo for each open neighborhood U (t, X) of (¢, X)}
U(t,X)

of weak degeneracy of the mapping g and consist of the unique points f(¢, X) and g(¢, X), respec-
tively, on the set of weak nondegeneracy of g.

In the present paper, we consider differential inclusions with multimappings F'(¢, X) and G(¢, X)

such that, in general, F' C F and G C G. We prove the existence theorem for 3-weak solutions
of Eq. (1) assuming only that the functions f(¢,X) and g(t, X) are locally bounded and Borel

measurable.

Throughout the following, we use the notation in [1].

The matrix o(t,X) = g(¢t, X)g* (¢, X) is symmetric and nonnegative. There exists a Borel
measurable orthogonal matrix 7" and a Borel measurable diagonal matrix A = diag (A, ..., \q)
such that o = TAT™. Let g* = T diag (\/)\_1 eV A ) Without loss of generality, we assume that
g = ¢ in system (1) [4, pp. 97-98 of the Russian translation].

Take rows of the matrix ¢ with indices (4,...,5;. Let

0B1,...5 (t7x17“‘7xd) :COI(gﬁN"'?gﬁz) (ggl gg-T;l):
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1354 LEVAKOV, VAS’KOVSKII

where gg, is the §;th row of g, and

9 9 1/2
D(0,a) = {($ﬁl+1,...,l’gd) | ($Bl+1 +"'+$ﬁd) < a}.

Let us construct the set

H(Bl,...,ﬂl):{(t,mﬁl,...,xﬁl) |

for each open neighborhood! U (¢, zg,,...,xs) of the point (¢,24,,...,2s), there exists a number
a > 0 such that the integral

sup (detog,. 5 (txy,... 20))  dtdag, ... dg

(Iﬁl 5B )GDQ(O.G.)
+1 d ’
U(t,w/317...,$/3l)

is either undefined or equal to oo}.

We say that a real function h(t, X) = h(t,zy,...,z,) satisfies Condition A if there exist rows
9p,s---,9p of the matrix g such that the function h with fixed (¢,xg,,...,2s) is continuous with
respect to the remaining components (mﬁl e ,xgd) of the vector X and the set

{20 (Lo, @) € H (B )

lies in the set of points of continuity of the mapping h.

Consider the matrix function ¢ = (V¥ (t,xy1,...,24)), ¢ = 1,...,d, j = 1,...,r, and con-
struct a multimapping W (¢, X) by the following rule (L). We split the set of all indices {(i, ) |
i=1,....d, 5 =1,...,7} of components of the function v into disjoint subsets I} ... , I, as fol-

lows: the indices (i1, j;) and (is, j») belong to a same subset only if the functions "7t and %72 are
continuous with respect to same components of the vector X. If the components of the function
¥ with indices in I, j € {1,...,n}, are continuous with respect to the variables (:Eaj BIRERRFE %) )

for each fixed (t,xa]l-, cey Ty ), we choose the rows of the matrix g with indices (7, .. ,ﬁf SO as
™m; J

to ensure that the set {37,... ,B{J} contains {c, ... ;a, }. Let us find the set H (B,... ,Bljj) and
construct the d x r matrix v; with entries

b = P it (i, i) GIi

/ 0 if (i1,12) & I}
Let ¥;(t,X) be the least convex closed set containing the matrix ;(¢, X) and all of its limit
points ¢; (t, X') as X’ — X. We construct the multimappings \II? : Ry x R* — ¢l (Rd”) and
Uy : Ry x R — cl (R¥") [cl(A) is the set of all nonempty closed subsets of a set A] as follows:
bt X)) if (t,xﬁ{,...,xﬁ{) ngc( {,...,53)
ULt X) i (t,xﬁi,...,%{_) eH( {,...,ﬁ{j),
Uy =004+ 0) + ... + 00

Ut X) =

(the sum of a set A C R and zero is by convention the set A itself).

By the above-mentioned rule (L), for the functions f(¢,X) and o(t, X), we construct the
mappings fi(t, X), Fi(t,X), F2(t,X), i = 1,...,ny, Fo(t,X) and o,(t, X), A;(t,X), A)(t,X),
Jj=1,...,mn9, Ao(t,X), respectively, where n,; and n, are the numbers of subsets into which the
index sets of the components of the functions f(¢, X) and o(t, X), respectively, are split.

1 An open neighborhood is defined as a neighborhood open in the space of the variables (t,zpy,-..,28).
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EXISTENCE OF g-WEAK SOLUTIONS OF STOCHASTIC DIFFERENTIAL 1355

Note that for any choice of the rows of the matrix g, the set \Ilg(t,X ) consists of the single

matrix 1; (¢, X) provided that the components of the function (¢, X) in the set I fp are continuous
with respect to X for each fixed t € R,.

Definition. Suppose that there exists a process X(t) defined on some probability space
(Q,.#, P) with the flow .% of o-algebras and satisfying the following conditions.

1. There exists an (.%)-stopping time e such that the process X (t)1j.)(t) is (.%)-coordinated,
has continuous trajectories for ¢ < e almost surely, and satisfies the condition lim sup,;, | X (¢)|| = oo
if e < o0.

2. There exists an (.%)-Brownian motion W (t) with W (0) = 0 almost surely.

3. There exist processes v(t) and wu(t) defined on (£, 5, P) and such that v(t)1lj)(t) and
u(t)1p,e) (t) are measurable and (.%)-coordinated, the inclusions

v(t) 10,0 (1) € Fo(t, X (t,w)) 10,6 (2), u(t)u" (£)1p,e)(t) € Ao(t, X (t,w)) 10,6 (1)
hold for (1 x P)-almost all (t,w) € Ry x Q, and v € LI°® and u € L¥*.

4. The relation . .

X(t) = X(0) + / o(r)dr + / w(F)dW (7)

is valid with probability 1 for all ¢ € [0, ¢).
Then the tuple (2, .5, P, %, W(t), X (t),v(t),u(t),e) [or, briefly, X (¢)] is referred to as a B-weak
solution of Eq. (1).

A function h : R, x R? — R¥" is said to be locally bounded if, for each b > 0, there exists a
constant N (b) such that ||h(t, X)|| < N(b) for all ¢ € [0,b] and X € B(0,b).

Theorem. Let f and g be Borel measurable locally bounded functions. Then for any given
probability v on (Rd,ﬁ (Rd)) , Eq. (1) has a B-weak solution with the initial distribution v.

Proof. Let us construct the matrices 7, = TA,, T, where
A, =diag(A\1 +1/n) An,...,(A\g+1/n) An),
g = T diag ((()\1 +1/n) An)Y2, L ((a +1/n) A n)l/z) ,
[, X) = (fi(t, X)), fit, X) = (f'(t, X) V (—n)) An, i=1,....,d, n e N.

For each positive integer n, there exists a constant a,, > 0 such that det g,g> = deta, > «,, for all
(t,X) € R, x R? in addition, lim,, .., f.(t,X) = f(¢t,X) and lim,, ., 7,(¢, X) = o(t, X) at each
point (t,X) € R, x R,

By the Krylov theorem (Theorem II.6.1 in [5]), for each n € N, the equation

X, (t) = X,(0) +/fn (1, Xn(7))dr + /gn (1, X, (1)) AW, (1), te Ry, (2)

has a weak solution (2,,,.%,, P, %, W, (t), X,.(t), t € R, ) with the initial distribution v.
We define 77" = inf{t | || X,.(¢)|| > m} and X™(t) = X,, (t A7) and consider the double
sequence (Xij,v'f)j;:l.
Let
U= ((Xp, ) (Xim8) s (X1, ..), k=12,

We introduce a metric g in (C’ ([0, +00), Rd) .0, —I—OO]) and a metric D in
((C ([0, +00), RY) , [0, +oc]) x -+ x (C ([0, +0), R*) , [0, 400]) x )
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1356 LEVAKOV, VAS’KOVSKII

as follows:

)

o((z,7), (21 7Y)) = Z_:Qin ( s [|=(t) = 2" @)] A 1) + ‘1 —7|—-7' - 1171

D (X, m) - (X507 )5 (X me) - (X0 70) )

- 1 m __m m __m
=3 e (X T (X ).
m=1

The sequence PY», n > 1, is dense in the space
<(C ([O’ +00), Rd) ) [O’ +OO]) Koo X (C ([07 +00), Rd) ) [07 +OO]) X )

[1, Lemma 3.
The sequence V¥,, n > 1, satisfies the assumptions of the Skorokhod theorem (see Theo-

rem [.2.7 in [4]). It follows from the proof of Theorem I.2.7 in [4] that there exists a subse-
quence n; of the sequence n (to simplify the notation, we write n instead of n;) and processes

en = ((zL,nh), ..., (™™, ...) and € = ((z4,n"),...,(2™,m™),...) on some probability space
(Q,.#, P) such that 2™(t) and 2™(t) are continuous processes, P = P¥n 2"(t) —, .. 2™(t)

n

uniformly on each compact set in R almost surely, and 7" —,, .o, 7" almost surely. In addition,
2™ (t) = 2™*L(t) for t < n™, and ™ < ™ *! almost surely. Let e = lim,,, .., n™. We define a process
z(t) as follows: z(t) = z™(¢t) for t < n™ if n™ < o0, 2(t) = 2™(¢t) for t < n™ if ™ = oo, and z(t) =0
for t > e. By 044, we denote the least o-algebra with respect to which all random processes z™(s),
0 <s<t+4e m>1, are measurable. Let 7 = (., 0upc; then 2(t)10) (t) is a (.%)-coordinated
process and has continuous trajectories for ¢ < e. In addition, e is an (.%)-stopping time, and
lim sup,, || 2(t)|| = oo for e < oo.

For each of the sets I}, i€ {l,...,n},and IZ, j € {1,...,ny}, we construct the vector (]Fn)Z
with components -
(f)k_ fy for kel
"/ 0 for kgl
and the matrix (5,); with entries
(5_ )i1i2 o 5';11‘2 for (il,ig) S Ig
g o 0 for ('il,'ig) ¢ I[jf
For any i € {1,...,n:}, 7€ {1l,...,no}, m € N, and g € N, the sequences

(fa), @20 (0), (@), (t2 (1), n>1,
are relatively weakly compact in L; ([0, q] x Q Rd) and L; ([0 q] x Q RdXd), respectively. There
exist subsequences (fn 1)) (t z (1)(t,w)) and (O‘n(l)) (t, zn(l)(t w)) converging weakly to v( )(t w)
and b-l)(t w), respectively, on [0,7* A1) x Q. Let (fn 2)) (t, = 250 (s w)) and (O'n(g)) (t, 22 2) w))
be subsequences of (fn(l)) (t, zn(l)(t w)) and (Un 1)) (t,zn(l)(t w)) weakly converging to v ( w)
and b( (t,w), respectively, on [n* A1,n? A 2) x ©, and so on. Thus, we construct processes v;(t,w)
and b i(t,w) such that v;(t,w) = 0™ (t,w) and b, (t,w) = bgm)( t,w) for
(t,w)e[nmfl/\(m—l),nm/\m)xﬁ, m=1,2,...
(we assume that 7° = 0); we set v¥(t,w) =0, k=1,...,d, and b§1i2(t,w) =0, 4,72 =1,...,d, for
(t,w) € [e,4+00) x Q. Let
v(t,w) =v(t,w) + -+ v, (t,w), b(t,w) = by (t,w) + -+ + by, (t,w).
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EXISTENCE OF g-WEAK SOLUTIONS OF STOCHASTIC DIFFERENTIAL 1357
For each b > 0, there exists a sequence d,(b) | 0 as n — oo such that (5,); (t, X) € [A;(t, X)];
and (fn)i(t,X) € [Fi(t, X)],, for arbitrary t € [0,0] and X € B(0,b),i=1,...,n1, j=1,...,n,
where [A], is the e-neighborhood of a set A. We have

C
1 k

DX
(@
DX:
8l
(G

o™ (t,w) €

%

('fk)z (t, 2" (t,w)) C

n n

[E (t7 Z,T(t, w))]ﬁk(m) ’

n 1 k

n

C
1 k

co
1k

DX
(@R
DX:
(@

b (t,w) € (k); (£, 2 (t,w)) C

n n

[Aj (t7 ZIT@? w))]ék(m)

n n

for (u x P)-almost all (t,w) € [ ' A (m —1),7™ Am) x Q, 6(m) | 0 as k — oo, where co(A) is
the closed convex hull of a set A.

One can readily see that the mappings F; and A; are upper semicontinuous with respect to
X € R Consequently, v;(t,w) € F; (t,2™(t,w)) and b;(t,w) € A; (t,2™(t,w)) for (ux P)-almost all
(t,w) € ™A (m—1),n™ Am) x Q. Let 9;(t,w) be the conditional expectation E (v;(t,w) | .%),
let b;(t,w) be the conditional expectation E (b;(t,w) | .%), let 0(t,w) = 0 (t,w)+- - -+, (£, w), and
let b(t,w) = by(t,w) + - - + by, (t,w). Then 0;(t,w) € F; (t,2™(t,w)) and b;(t,w) € A; (t,2™(t,w))
for (p x P)-almost all (t,w) € [n™ ' A (m —1),n™ Am) x Q. Let

B,, (I}) = {(t,w) €™t A(m=1),p" Am) x Q ‘
(L2 tw), .2 (o) € H (B8 |,
B,, (If,) = {(t,w) € [nm_l/\(m— 1),77’”/\771) x ‘
<t,zg<t,w>,...,zg_<t,w>> eH(ﬁ{,...,ﬁ;;)},

B¢, (I}) = ([7""" A (m—=1),7" Am) x Q) \B,, (I}) ,
B (I2) = ([0 A(m—=1),n™ Am) x Q)\B,, (I1) .

We introduce the processes

st = { ) o (e € 55,0
COATTT bt w) for (t,w) € B, (1),
~(m _ [0tz (tw)) for (t,w) € By, (I})
b§- )(t,w) = {Ej(t,w) for (t,w) € B, (I7).

Let @;(t,w) = ™ (t,w) and b;(t,w) = Bg-m)(t,w) for (t,w) € [p™ 1A (m —1),n7™ Am) x Q. We set

%

0F=0,k=1,...,d, and b =0, i),y = 1,...,d, for (t,w) € [e,+00) x Q. Let

Bt w) = 01 (t,w) + Do (t,w) + - - - + by, (£, w), b(t,w) = by (t,w) + ba(t,w) + - - 4 by, (t,w).

For (p x P)-almost all (¢,w) € Ry x €, the inclusions

0(t,w) e (t) € Fo(t, 2(t,w)) 1o, (1), b(t,w)lp,e (t) € Ao(t, 2(t,w)) 1o, (t)

are valid, and 9(t,w) and b(t,w) are (.% )-coordinated processes.

We fix m € N and choose arbitrary s,t € Ry, s < t < m, an arbitrary twice continuously
differentiable function h : R? — R bounded together with its partial derivatives of order < 2, and
an arbitrary bounded continuous (% (C (R+, R‘i)))—measurable function ¢q : C (R+, R‘i) — R.

DIFFERENTIAL EQUATIONS Vol. 43 No. 10 2007



1358 LEVAKOV, VAS’KOVSKII

By using the It6 formula, from (2), we obtain

En<<h<x,?<t>>—h<x,?<s>>— / (%Zafﬁ (7 X3 (7) Py (X37(7)

SAT i,j=1

+ 20 (X)) B, (X,T(T)))dT)q(X,T)> =0,  hy = S:Z' (3)

We fix the component fi(t, X) of the vector f with index 7. By rule (L), the function fi(¢,X)
is continuous with respect to the variables (mﬁm, e ,xﬁd) for each fixed (t,xg,,...,24); we set

(t,xp,,...,x5) = (t,2) and (zg,41,...,25,) = <. (Without loss of generality, one can assume that
61 =1, ..., 6 = 1) Each of the processes X,, X™, z, 2, and 2™ splits into two processes,
X, = (X, X,), X' = (X7, X™), 2= (2,2), 2 = (47,27, and 2™ = (4™, 2™). To simplify

nr»“n

By(0.0) = {(21,om) | (@34 +af)" <}, HO= (Ry x R)\H,

(H)v =

—

(to) € Re x B sup <\t—s\+ux—yu><w},

(s,y)eH

(H): = (Ry x R')\(H),.

Take a sequence ¢, | 0 as kK — oo.

By [1],
= lim B (( / Ly, (1300 £ (r20). 20 @) e, (200,27 () d7> a 2?))
= (( / Ly, (1,27(7)) f* (T,é’”(f),%m(f)) ha, (2’”(7),2’”(7)) dT)g(ém,§m>>. (4)

Let us show that

J=E (( [ 1o, @) oh, (70,2 0) d¢> a (2. z’”)> (5)

sAn™

For each positive integer k, we construct a sequence of continuous functions ¢; : Ry x R — [0,1]
such that ¢; < 1(H)?k and ¢; T 1(H)?k as j — oo.

We have
tAny!
lim E<< [ e (nam o) (2.2 0) dT>q(zf,%f)>
o tAny
= lim E( | (eimarenn, (z@.20m) e (027)
sAn

DIFFERENTIAL EQUATIONS Vol. 43 No. 10 2007



EXISTENCE OF g-WEAK SOLUTIONS OF STOCHASTIC DIFFERENTIAL 1359

— i (2 () b, (2727 (D) 0 (27,27) ) £ (2.2 () d¢>

+ lim E( / @i (1,27 () e, (277,27 (7)) a (27,27

n—00 o
tAny

< (1 (rzr .20 m) - 7)) dT>+ nmE( )
tAn™

+E< / 0, (1, 2™ (1)) ha, (gm(f),é’”(f))q(zm,é’”) vi(T)dT> (6)

sAN™

for each positive integer j. In (6), the first term on the right-hand side is zero, since
2 (1) — 2"(7)
uniformly with respect to 7 € [0,¢] almost surely; the second term is zero by virtue of the weak
convergence of f! (7,2 (7)) to v'(7) in Ly ([0, An™) x Q, R) (to simplify the notation, we as-
sume that the sequence f} (7, 2"(7)) itself converges weakly to v'(7) in Ly ([0,¢ An™) x Q, R)), the
definition of f!, and the local boundedness of f% and the third and fourth term are zero, since
AN = oo tAN™ and s AN —, oo S AN almost surely.

By using Corollary 1 in [1], we obtain the relations

lim limsup £

J7 n—oco

( | (o, 2z o) = oy ) £ (rzr 0,2 )

SAn™

X ha, (2;;1(7), ,;3:(7')> dT> q (22% 5:)

tAn™
< Cs lim nmsupE< / L, (7 20() (Lane, (1. 22(7)) = 5 (7, 20(7)) ) dT>

J—® pnooco
A -1
sup ((deta(v',a?,i))

Izl <m

< C% hIﬂ (
jA)OO
(10.6]% B1 (0.m)N(H)z,
1/(1+1)

x (Lans, (7.2) = o5 (7, :z-))m)df d£> = 0; (7)

in addition,

Jj—00

lim E(( / (1(H)gk (r,2™(7)) — ¢, (7, zm(T))) vi()

sAN™

DIFFERENTIAL EQUATIONS Vol. 43 No. 10 2007



1360 LEVAKOV, VAS’KOVSKII

xha, (zm(T), 2’”(7)) dr) q (zm, z’”)) —0. (8)

Relations (6)-(8) imply the desired relation (5). Since fi (7, 2™ (7)) weakly converges to v'(7)

) Tn

in L,([0,t An™) x Q, R), it follows from the definition of f/ and the local boundedness of f* that

tAng!

lim E(( [ £ ra@aio) . (@e.2o) dT> a (2 ’”))
sANTY
tAn™
_ E<< / oi(h, (2().2" (7)) d7'>q (zmzm)> (9)
sAn™
From relation (5), we find that there exists a sequence k,, — 400 such that
tAn"
Jy = lim E<< [ v, @) (R 20 (5000, 20)) dr)q (z:?,éff))
sAn
tAn™
—E (( / Ly (7,27 (1) ' (), (27(7),27(7)) dT> a2, z’”)> . (10)
sAn™
It follows from (9) and (10) that
tAn!
Jim E(( [ 1o, @) (R a2 D) b (2000).20) d7>q (z:&éf))
sAnY
tAn™
—F (( / Ly (7,27 (1)) ' (), (27(7), 27 (7)) dT> a2, z’”)> (11)
SAn™

By comparing (4) and (5), we obtain

E(( [ 1, @) 1 (7m0 O) b (27027 (0) dT> (2 ;’“))

sAn™

~E (( / L, (7,27 () 0 (P, (27(7), 27 (7)) dT> a2, zm)> . (12)

sAn™

The comparison of (10) and (12) implies the relation

Jy = E<< / e (7, 5™(7)) f? (T, 27 (7), ém(f)) ha. (zm(f), ém(f)) dT> q (zmz>> (13)

sAn™

By taking into account (11) and (13) and the relation P¥» = P we obtain

E(( / (7)o, (,asm(f),,%’”(f)) d7>q(gm, ))

sAn™
DIFFERENTIAL EQUATIONS Vol. 43 No. 10 2007

N>



EXISTENCE OF g-WEAK SOLUTIONS OF STOCHASTIC DIFFERENTIAL 1361

=E (( / e (7,27™(7)) f' (r, zm(r),é’”(f)) ha, ( m (T)jgmm) dT)q (Zmz))

+E (( /1H (7, 27(7) V' (T)ha, (27(7), 2" (7)) d7> a (2", %’”)>

= ggoE(( 7?1<H>ckn (r, 2O (7,200, 20(0) b, (227,20 (7)) dT)
xq(ézr,%;”)> + lim E(( 7;”1<H>k (r, 200 f (7,200, 27 ()
% ha (20(0), 2,(7) d7> q (m %?)>

- lggoE« /f (r2m() 20 () e, (20(0), 20 () dT> q (2,’7,%?))

= lim E (( /m L(rar ) A ) e (22000, 2 () ch) a (2, ’”))

lg;OE(( [ 5 (rsrexo) . (£e.x00) d>q<xmx>> (14

By using similar considerations, one can show that

tAT

m E(( [ ot xrh, <X;“<r>>dr>q<x,z”>>

m
SAT]

_ E<< / 59 (1), (zm(T))dT)q(zm)> (15)

sAR™

for arbitrary fixed 7,5 € {1,...,d}.
It follows from (3), (14), and (15) that

(=(t) = h(=(0) — [ (% S B (7)) + Y7 () (z(T))) ar

DIFFERENTIAL EQUATIONS Vol. 43 No. 10 2007



1362 LEVAKOV, VAS’KOVSKII

is a local (.%)-martingale. The matrix b(t,w) can be represented in the form

Z;(t, w) = Q(t7 W)D(tﬂ w)QT(t, w)7

where Q(t,w) is an orthogonal matrix and D(t¢,w) is a diagonal matrix with nonnegative entries; in
addition, all entries of the matrices Q(t,w) and D(¢,w) are measurable (.#;)-coordinated processes.

Let u(t,w) = Q(t,w)+/D(t,w); then
A(t,w)u" (t,w) 1. (t) € Ag(t, 2(t,w)) 1) (2)

for (u x P)-almost all (t,w) € R, x .

By [4, pp. 159-160 of the Russian translation], on the extension (Q,Jgf , ]5) with the flow .%
of o-algebras of the probability space (Q,.#, P) with the flow .% of o-algebras, one can define a
(.#:)-Brownian motion W (¢) with W(0) = 0 almost surely such that

t t

z(t) = 2z(0) + /@(T)dT + /&(T)dW(T)

with probability 1 for any ¢ € [0, e).

Consequently, (Q,j,ﬁ,% W(t),z(t),f}(t),&(t),e) is a (-weak solution of Eq. (1). The proof
of the theorem is complete.
Consider the example

dx1(t) = (r (@1(t)) + ta3(t)) dt + dWy(¢), dzy(t) = —r (x4(t)) dt,

where r(z) = {1_1 g i E 8’ The function o = gg* is continuous; therefore, Ay (t,z1,5) coin-

cides with o (t,z,25) = diag(i, 0). We split the set of indices of the components of the function f
into the subsets I} = {1} and I7 = {2}. For the function

frt,zy,2) =7 (2y) + ta3,
we choose the first row of the matrix g; the set H(1) is empty; therefore,
FP (t,21,25) = col (fl (t,x1,22) ,0) .
For f2(t,xy,z3) = —r (x3), we choose the second row of the matrix g; we have
H(2) x {z; € R} = R, x R?

and hence we obtain Fy (¢, 21, 23) = col (0, —7 (x5)) if x5 # 0 and FY (t,2,,0) = (0,[—1,1])T. There-
fore, Fy (t,21,22) = col (r (z1) 4 tz3, —r (x9)) if zo # 0 and Fy (¢, 21,0) = col (r (z,) + ta3, [—1,1]).
For the considered system, the results in [1] do not permit one to analyze the existence of weak
solutions with an arbitrary initial distribution. The theorems in [2, 3] provide the existence of

B-weak solutions with an arbitrary initial distribution, but for our example, the set F' (t,x,z5) is
substantially wider than the set Fp (¢, 21, x2).

Remark. Let us define the set

E = {(t,X) €R, xR"| f(5,X) =0, g(s,X) =0 for almost all s > t},

which we refer to as the set of zeros of the mappings f and g. We say that a real-valued function
h(t,X) = h(t,x1,...,x4) satisfies Condition B if there exist rows of the matrix g with indices
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B1,...,0 such that the function h with fixed (¢,z4,,...,25) is continuous with respect to the
remaining components (azgl e ,xﬁd) of the vector X and the set

{(t,l‘l,...,l'd) | (t,l’gl,...,ﬂj'gl) S H(ﬁl,...,ﬁl)}

lies in the union of the set of points of continuity of the function A and the set of zeros of the
mappings f and g. One can readily see that if the components of the functions f and o satisfy
Condition B, then, for a S-weak solution of Eq. (1), one can construct a weak solution of Eq. (1).
Therefore, the theorem proved above implies the following assertion.

Corollary. Let f(t,X) and g(t,X) be Borel measurable locally bounded functions, and let the
components of the functions f(t, X) and o(t,X) = g(t, X)g* (t, X) satisfy Condition B. Then for
any given probability v on (Rd,% (Rd)) , Eq. (1) has a weak solution with initial distribution v.

REFERENCES

Levakov, A.A. and Vas’kovskii, M.M., Differ. Uravn., 2007, vol. 43, no. 8, pp. 1029-1043.
Levakov, A.A., Differ. Uravn., 2003, vol. 39, no. 2, pp. 210-216.
Levakov, A.A., Dokl. Akad. Nauk Belarusi, 2003, no. 5, pp. 33-38.

Tkeda, N. and Watanabe, S., Stochastic Differential Equations and Diffusion Processes, Amsterdam:
North-Holland Publishing Co., 1981. Translated under the title Stokhasticheskie differentsial’nye urav-
neniya i diffuzionnye protsessy, Moscow: Nauka, 1986.

5. Krylov, N.V., Upravlyaemye protsessy diffuzionnogo tipa (Controllable Processes of Diffusion Type),
Moscow: Nauka, 1977.

=W o=

DIFFERENTIAL EQUATIONS Vol. 43 No. 10 2007




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /Description <<
    /ENU <>
    /DEU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice


